ABSTRACT A Chern-Simons theory in 11 dimensions, which is a piece of the 11 dimensional supergravity action, is considered as a quantum field theory in its own right. We conjecture that it defines a non-perturbative phase of M theory in which the metric and gravitino vanish. The theory is diffeomorphism invariant but not topological in that there are local degrees of freedom. Nevertheless, there are a countable number of momentum variables associated with relative cobordism classes of embeddings of seven dimensional manifolds in ten dimensional space. The canonical theory is developed in terms of an algebra of gauge invariant observables. We find a sector of the theory corresponding to a topological compactification in which the geometry of the compactified directions is coded in an algebra of functions on the base manifold. The diffeomorphism invariant quantum theory associated to this sector is constructed, and is found to describe diffeomorphism classes of excitations of three surfaces wrapping homology classes of the compactified dimensions.
Introduction
String theory has recently evolved in a fascinating direction, leading to evidence that it represents a class of perturbative expansions around vacuum states of a non-perturbative theory, whose nature remains unknown [1] . This conjectured non-perturbative theory has been called M theory [1, 2] . There is evidence that 11 dimensional supergravity plays an important role in its formulation, at the very least there may be a phase of this theory whose classical limit corresponds to 11 dimensional supergravity.
Despite some provocative suggestions [3] , the nature of M theory at the fundamental, non-perturbative level remains unknown. A non-perturbative theory of quantum gravity must be one that relies on no background classical metric to give meaning to either its algebra of observables or perturbation expansions. Classical spacetime must emerge from a study of collective degrees of freedom that describe the critical behavior of such a theory, it cannot play a role in the formulation of the theory. But if geometry thus plays no fundamental role, the theory must be formulated entirely in algebraic and/or topological terms.
In the search for such a theory, two classes of results may offer useful hints. The first is topological quantum field theory, which shows that there are deep relationships between algebra, representation theory and topology [4, 6] . In its deepest formulation, in terms of the theory of tensor categories [5] , T QF T reveals new kinds of structures that may play a role in a non-perturbative formulation of a quantum theory of gravity. These structures are in fact closely related to conformal field theory [7] .
Furthermore, the topological quantum field theories are based on finite dimensional representations of certain observable algebras. This is very good, as there are independent arguments from the Bekenstein bound [8] and the holographic hypothesis [9, 10] that tell us that any quantum theory of gravity must have a state space that decomposes into finite dimensional subspaces corresponding to measurements made on the boundaries of regions with finite surface area [11] .
The simplest examples of the algebraic structures in T QF T are spin networks [12] and quantum spin networks [13] . It is interesting that these label the difeomorphism invariant states of quantum general relativity [14] (or of any diffeomorphism invariant quantum field theory whose configuration space is based on a space of connections [15] .) Quantum general relativity is now understood at the kinematical level (corresponding to spatially diffeomorphism invariant states [17] ) where it has been found that the discrete and combinatorial nature of the spin networks correspond to the discreteness of quantum geometry at the non-perturbative level [16, 18] 
At the dynamical level, despite some non-trivial results [23, 24, 25, 26, 21, 22] , it is not at all clear that quantum general relativity may have good critical behavior such as to allow the existence of a good continuum limit [27] .
(That is the theory may have a status corresponding to random surface theory away from a critical point: it is well defined microscopically but has no interesting macroscopic behavior which may be described in terms of massless fields on a classical background.) In any case the search for such critical behavior need not rely on a quantization of the dynamics of classical general relativity [28] .
Despite this, the results and methods discovered in the study of nonperturbative quantum general relativity may provide hints for the construction of a completely non-perturbative formulation of M theory. If one takes this point of view there are a number of possible starting points. One is to extend the spin network/TQFT picture to representations of algebras that play a role in string theory. Some results in this direction will be reported elsewhere, here I would like to describe some results from a more modest approach, which is to apply the methods of diffeomorphism invariant quantum field theory directly to supergravity in 11 dimensions.
In fact, what is studied here is only a part of that problem. If one sets the metric and gravitino field to zero, 11 dimensional supergravity [29] reduces to a Chern-Simons like theory based on a three form A abc . The action of the theory is simply
where F = dA is a four form and M 11 is an eleven dimensional manifold. There are several reasons why it is useful to consider the quantization of this theory before taking on the full eleven dimensional supergravity. Even if 11 dimensional supergravity corresponds to no good quantum theory, this theory may be of interest, as it may yield a completely non-perturbative description of the extended objects such as D branes that play a crucial role in string theory [30] . For example, many of the results concerned with the entropies of extremal and near-extremal black holes come down to counting topological embeddings and intersections of D branes in the compactified manifolds [31] . It seems likely that there must be a non-perturbative analogue of this in which these countings reduce to the topology and combinatorics of diffeomorphism invariant states. If so, it is likely that these have to do with the non-perturbative excitations of the A abc field. A study of these in the absence of the metric and gravitino may then yield insights into M theory.
In any case, it is unlikely that anything interesting can come from the quantization of the metric parts of 11 dimensional supergravity unless it has a more interesting formulation analogous to the JSS [32] and CDJ [33] actions of the four dimensional theory. As this is not presently in hand, a direct attempt on the problem seems unlikely to succeed. At the same time, it is possible that structures associated with the pure A abc sector may give hints for how to reformulate 11 dimensional supergravity in a more interesting manner.
But perhaps the best reason for considering the theory (1) is that it may define a phase of M theory. In non-perturbative quantum general relativity we have learned that in those forms of the theory amenable to non-perturbative treatment the classical phase space is extended to include solutions in which the metric is degenerate, or vanishes altogether [16] . This seems to be the consequence of seeking to describe the theory directly in terms of a algebras of fields corresponding to the full geometry, and not just to waves moving on classical backgrounds. Although the standard form of the 11 dimensional supergravity action is not polynomial in the variables, one can investigate whether the action and equations of motion have a good limit in which one scales the one form frame fields e I a and the gravitino field Ψ a as e I a = te I a and Ψ a = tΨ a and then takes the limit t → 0. The theory does have such a limit, which is given by (1) . This suggests that in a non-perturbative treatment there should be a sector of the state space in which e I a and Ψ a vanish 2 . But it may be expected that any non-perturbative theory corresponding to the supergravity action in 11 dimensions describes a phase of M theory. Thus, it is plausible that what is described in this paper is the a non-perturbative description of a phase of M theory.
In fact, we find here that the theory (1) has lots of non-trivial structure. Most significantly, there is a sector of solutions in which there is a natural compactification in which the physics of the compactified dimensions is completely topological. As a result, the dynamical content of the compactified directions is entirely represented in terms of an algebra of fields on the uncompactified dimensions. This provides a clue that the wealth of phenomena associated with different compactifications may eventually be understood in a different way, which is completely algebraic and combinatoric.
We may note that the theory (1) has certain similarities to five dimensional Chern-Simons theory. That has been studied by [34, 35, 36] and some of the results can be extended directly to the present case.
We first sketch the canonical formulation of the theory that follows from (1). In section 4 we introduce the observable algebra which plays the role of the loop algebra in quantum gravity and 3 dimensional Chern-Simons theory. In section 5 we then restrict the theory to a sector of its solution space where we can find the full observables algebra and carry out the quantization, which we do in section 6.
The classical theory
The equations of motion coming from the action (1) are,
We may note that one class of solutions may be constructed as follows. Let us consider an 11 dimensional manifold M 11 which is locally a product of a d dimensional manifolds Z and an 11−d dimensional manifold R. These are coordinatized respectively by z i , i = 1, ..., d and y α , for α = 1, ..., 11 − d. Then on M we may choose coordinates xâ, withâ = 1, ..., 11 which split as xâ = (z i , y α ). Let us consider a class of three forms A abc such that
Then the Bianchi identity dF = 0 implies that ∂ α F ijkl = 0. The space of such Fâbĉd's is parameterized by a closed form F ijkl on the d dimensional manifold Z. Clearly to be nontrivial d ≥ 4. But if d < 8 we have a solution to (2) . These are probably not 3 the most general solutions to (2) but they will be of interest here as they define splittings of M 11 into products of lower dimensional manifolds. In the maximal case we have 11 = 7 + 4; this may be relevant for non-perturbative "compactifications" to four spacetime dimensions.
The theory has two kinds of gauge invariance, eleven dimensional diffeomorphism invariance, given locally by
and an abelian gauge invariance,
where λ is a two form. However, λ's of the form, λ = dρ, where ρ is a one form do not contribute to the gauge transformations. There are then 11 * 10/2 − 11 = 44 degrees of freedom of gauge transformations. The counting of the degrees of freedom is subtle and requires the canonical analysis; below we will show only that there are sectors of the theory with local degrees of freedom, whose number, however, will turn out to depend on the topology of the manifold.
The canonical theory
We now assume that M 11 = R×N 10 where N 10 is a compact ten dimensional manifold. Locally we may split the coordinates, so that xâ = (x 0 , x a ), where a = 1, ... 10 . From now on all objects are ten dimensional. The action decomposes as,
Here A and F are the pull backs of the corresponding forms to the spatial sections and A 0 is a two form, whose components in local coordinates are A 0 bc = A 0bc . The canonical momenta are,
This gives rise to a set of primary constraints, which are
The momenta conjugate to A 0 vanish as well, which gives rise to a set of secondary constraints,
The action is then of the form,
We first may separate out a set of first class constraints that generate the abelian gauge transformations. These are,
where ≈ means the equality holds on the constraint surface. It would be interesting to carry out a full analysis of the constraint algebra, but this has not yet been done. Because of this I will focus on a sector of the theory below.
On the constraint surface C abc = 0 we may write the symplectic form
as,
ω may be inverted for generic F abcd , not subject to the constraint F ∧ F = 0. To see this, one may view F * abcdef as a metric on the space of three forms. Let indices A, B, C represent the 120 three form indices abc. Then F * AB is a symmetric metric that may be inverted generically to find ρ AB (A) such that
Unfortunately, the matrix F * AB is degenerate on the constraint surface F ∧ F = 0 and does not yield the physical Poisson brackets of the theory, except in special cases. The problem of inverting the symplectic form (13) in the presence of the constraint F ∧ F = 0 is, as far as I know, not solved in general; it is related to the problem of making a complete analysis of the constraints. Below I will discuss how this may be done in one sector of the theory.
Surface variables and algebra
To quantize the theory, we may try to follow the method that worked in lower dimensional Chern-Simons theory, gauge theories and general relativity and construct an algebra of gauge invariant variables associated with embeddings of submanifolds in N 10 of various dimensions 4 . To begin with we construct a set of variables associated with three dimensional surfaces embedded in N 10 . For every such surface γ, we may define an observable
Conjugate to this we have a momentum variable, associated with compact seven dimensional submanifolds S. This is
The Poisson bracket between them involves the oriented intersection number I[γ, S] between the three and seven dimensional submanifolds.
It is easy to see that on the constraint surface most of the momenta are not independent. Instead, let S ′ be cobordic to S relative to N . This means that there is an eight dimensional submanifold R of N 10 such that ∂R = S ∪S ′ (whereS is S with the reversed orientation.) Then we have,
It follows that there is an independent momentum variable π[S] associated to each relative cobordism class of seven manifolds S in N .
At the same time, the theory has local degrees of freedom, as we may exhibit sets of solutions labeled by continuous parameters, as we described above. We now turn to a study of a sector of the theory in which we can see how the interplay of a finite number of momentum variables with continuous spaces of solutions works out.
Quasi-topological sectors
We now consider a sector of solutions on which we will be able to construct the Poisson brackets. We assume that locally = (z i , y α ) . Globally, we will require that N 10 is a bundle over Z d fibered by Y 10−d , with projection map π. We will restrict attention to a sector of solutions to the constraint (9) of the form, Each of these are three surfaces embedded in the fiber over the point z ∈ Z.
We then may define the functions
By ( In some cases we can find the Poisson brackets of these functions. To do this let us consider the behavior of the symplectic form (13) on this sector of solutions. ω is degenerate and block diagonal, the only non-zero entries are
where F * αβγδǫφ = ǫ αβγδǫφijkl F ijkl . We will now concentrate on the simplest case, which is d = 4. We then have one non-trivial component of F ijkl , which is
We note thatΨ is a density on Z, which may be set to a constant by a four dimensional diffeomorphism. Thus there are no local degrees of freedom from the A ijk . This can also be seen from counting, there are four A ijk but these are eliminated by local gauge transformations and four dimensional diffeomorphisms (which are not independent.).
There are global degrees of freedom associated to the A ijk , one associated to each of the third homology classes of Z. However, these have vanishing Poisson brackets with the other observables, and so just label superselection sectors of the theory 5 From now on we will assume thatΨ = 0. Thus we are working only in the sector of the phase space defined by (19) and the nonvanishing ofΨ. As there are no other non-vanishing components of the symplectic form, ω, we may invert it on its non-degenerate subspace, to find the Poisson brackets. The only non-vanishing components are,
We may then integrate to find the Poisson brackets among the surface variables. To do this we may use the product structure to get an embedding of a three surfaceγ i (σ) in Y from every three surface embedding in γ a (σ) in N . Similarly, we have an embeddingγ in the base Z. Then we have,
where σ * i are the coordinates of points of intersection of the two surfaces and i labels the intersections when there is more than one. Here Int Y [γ,γ ′ ] is the intersection number of two three surfaces in the six dimensional space Y, given by
Let us now take the loops to lie entirely in the fibers. In this case we have a four parameter family of loops γ i (z) for each loop γ i in Y. We then have Poisson brackets
Here Int Y [γ,γ ′ ] is a the oriented intersection number of the homology classes of embeddings of three surfaces in Y.
We may now make use of the result that there is a basis for H 3 (Y 6 ), consisting of conjugate pairs, (γ I , π J ), of homology classes of three surfaces
It is then convenient to choose a corresponding set of canonical fields
and momenta (which are densities in Z),
These satisfy the canonical commutation relations,
This is the complete observable algebra of the degrees of freedom of the sector defined by (19) with d = 4 andΦ = 0. Note that it is reminiscent of topological quantum field theory. The coordinates and momenta associated with homology classes are analogous to the loop algebra in 2 + 1 gravity and TQFT in which coordinates and momenta are associated with homotopy classes of loops. However, we have a field theory of such operators, with an algebra associated with each point of the non-compactified space Z. Thus, we have a theory with local degrees of freedom, which may be thought of as a kind of field theory of topological quantum field theories on a lower dimensional manifold 6 .
Quantum theory of the 4 + sector
We may now proceed to a sketch of the quantum theory associated to the sector of the theory we have just defined. That is, we will now assume that the theory is defined by (19) with d = 4 andΨ = 0 and find the corresponding quantum theory. We may expect that this corresponds to a superselection sector of the full quantum theory associated with (1), but this has not been shown.
In fact, since the topology of M is fixed before the quantization we have one theory for each compact six manifold Y. In the last section we concluded that if the homology has a basis of N pairs (γ I , π I ), we have an observables algebra (29) consisting of N pairs of fields and momenta on the four manifold Z, given by (29) . We are interested in a representation of (29) on which we can also have a representation of Dif f (Z), so we can mod out by the diffeomorphisms to find the physical states. We can thus not use a standard Fock representation. As in the construction of the loop representation we have to first construct a non-separable state space on which Dif f (Z) has an unbroken action. To do this we consider the φ I (z) to be creation operators that create an excitation, which corresponds to a surface in the I'th homology class in the fiber Y over the point z ∈ Z. That is we take the continuous product of Fock spaces over each point z. Thus, we have a vacuum state |0 > defined byπ(z)|0 >= 0. We then define states by occupation numbers at each point z. Thus, a general state consists of a finite list of of excitations | (I 1 , z 1 ) ....(I n , z n ) > where each pair (I, z) represents a surface in the I'th homology created at the point z. The action of the field operators is then to add excitationŝ
The Hilbert space is then simply
where a basis for the Hilbert space at each point H z is labeled by |n 1 , ..., n N >, where the n i 's are the occupation numbers in each of the homology classes γ I . A state is then given by
where |ψ, z >∈ H z . The inner product is then simply the product,
The normalizable states are those in which there are only a finite number of excitations, so that only a finite number of the factors in (33) differ from one. The conjugate momenta may be defined for each region R ∈ Z.
i.e. the operator acts to remove the excitations inγ J in the region R. The space (31) is non-separable. But it is easy to mod out by diffeomorphisms. To do this we may define a unitary representation of Dif f (Z) on H kin . Given φ ∈ Dif f (Z) we may define
It is straightforward to check that this operator is unitary. As in the case of the loop representation, there are no anomalies of the diffeomorphism group. Diffeomorphism invariant states are then defined by
The resulting diffeomorphism invariant Hilbert space H dif f eo is labeled simply by a basis of states corresponding to excitations at distinct points, with no labelings as to where the points are in Z. Thus, a basis is given by a finite set of P lists
where each list n i = (n 1 , ..., n N ) consists of occupation numbers for the N homology classesγ I . Thus, H dif f eo has a separable basis. A non-separable Hilbert space was just needed as a technical device at the kinematical level, as in non-perturbative quantum gravity. Diffeomorphism invariant observables exist, such as the number operators
(where no sum on I is taken.) More complicated operators may be easily constructed, which measure how many points there are at which there is a certain pattern of excitations.
As there are no interesting diffeomorphism classes of sets of points, the diffeomorphism invariant quantum theory is in this case rather boring. We see that there are local degrees of freedom in the four dimensional manifold Z that do correspond to three dimensional surfaces wrapped around various homology classes of the six manifold Y. But there are no interesting relationships or interactions among them. The structure of the other cases in which d > 4 are more interesting, as there are non-trivial extended structures in both Z and Y. These will be discussed elsewhere.
Conclusions
To summarize, we have found a sector of the solution space of the theory which corresponds to bundles defined by fibering six dimensional compact manifolds Y over a six manifold Z. The degrees of freedom are a canonically conjugate pair of fields (φ I ,π J ) on Z corresponding to a basis of the third homology of Y. The observables algebra is given entirely in terms of the intersection numbers of the surfaces in Y.
Thus, we have achieved our goal of finding a sector of the theory corresponding to a natural compactification of the theory in which the geometry of the compactified directions is entirely represented by an algebra of functions on the base manifold.
Furthermore, we have constructed the quantum theory associated to this sector of the theory, and discovered it consists of diffeomorphism classes (in the four dimensional manifold Z) of excitations of wrappings of three surfaces around homology classes in the six dimensional manifold Y.
